Extensive numerical integration results lead us to conjecture that the silver mean, that is, σ Ag = √ 2− 1 ≈ .414214 plays a fundamental role in certain geometries (those given by monotone metrics) imposable on the 15-dimensional convex set of two-qubit systems. For example, we hypothesize that the volume of separable two-qubit states, as measured in terms of (four times) the minimal monotone or Bures metric is σ Ag 3 , and 10σ Ag in terms of (four times) the Kubo-Mori monotone metric. Also, we conjecture, in terms of (four times) the Bures metric, that that part of the 14-dimensional boundary of separable states consisting generically of rank-four 4 × 4 density matrices has volume ("hyperarea") 55σ Ag 39 , and that part composed of rank-three density matrices, 
I. INTRODUCTION A. Background
An arbitrary state of two quantum bits (qubits) is describable by a 4 × 4 density matrix (D 4 ) -an Hermitian, nonnegative definite matrix having trace unity. The convex set of all such density matrices is 15-dimensional in nature [1, 2] . Endowing this set with the statistical distinguishability (SD) metric [3] (identically four times the Bures [minimal monotone] metric [3] ), we addressed in [4] the question (first essentially raised in the pioneering study [5] , and investigated further in [6, 7, 8] ) of what proportion of the 15-dimensional convex set (now a Riemannian manifold) is separable (classically correlated) in nature [9] . This pertains to the question of manifest interest "Is the world more classical or more quantum?" [5] .
The Peres-Horodecki partial transposition criterion [10, 11] provides a convenient necessary and sufficient condition for testing for separability in the cases of qubit-qubit (as well as qubit-qutrit) pairs [12] . That is, if one transposes in place the four 2 × 2 blocks of D 4 , then in the case that the four eigenvalues of the resultant matrix are all nonnegative -or more simply, if its determinant is nonnegative [13 [15] ) that the Bures volume of the (N 2 − 1)-dimensional convex set of complex density matrices (D N ) of size N is equal to
For the only specific case of interest here, N = 4, this gives us for the total Bures volume,
We let the superscript s denote the set of separable and the superscript n the (complemen- One of the objectives in this study will be to highly accurately estimate the included volume V s SD . Then, we could, in turn, obtain a good estimate of the SD/Bures probability of separability. 
Also, we could gain evidence as to possible exact values, which on the basis of previous lower-dimensional analyses [8] , we have been led to believe is a distinct possibility.
We had already undertaken this task in [4] (seeking there to exploit the then justdeveloped Euler angle parameterization of the 4 × 4 density matrices [17] ). The analysis was, however, in retrospect, based on a relatively small number (65 million) of points, generated in the underlying quasi-Monte Carlo procedure (scrambled Halton sequences) (cf. [18, 19] ). (Substantial computer assets were required, nonetheless. Numerical integration in high-dimensional spaces is a particularly challenging computational task.) One of the classical "low-discrepancy" sequences is the van der Corput sequence in base b, where b is any integer greater than one. The uniformity of the van der Corput numbers can be further improved by permuting/scrambling the coefficients in the digit expansion of N in base b.
The scrambled Halton sequence in N-dimensions -which we employed in [4] and in our auxiliary analyses below (sec. IV) -is constructed using the so-scrambled van der Corput numbers for b's ranging over the first N prime numbers [19, p. 53] .
To facilitate comparisons with the results of Sommers andŻyczkowski [14] , which were reported subsequent to our analysis in [4] , we need to both divide the estimates given in [4] by 4! = 24 to take into account the strict ordering of the four eigenvalues of D 4 employed by (the true value of which, as given above, is known to be ≈ 1.882645) from the quasi-Monte Carlo analysis in [4] , should be taken to be 1.88284 = 5.64851/3; the estimate of V s SD from [4] should, similarly, be considered to be 0.138767 = .416302/3; and of P s SD (for which no adjustment is needed, being a ratio), 0.0737012.
We had been led in [4] -if only for numerical rather than any clear conceptual reasons -to formulate a conjecture that (after adjustment by the indicated factor of 
as well as that
(suggesting that the [quantum] "world" -even in the case of only two qubits -is considerably "more quantum than classical"). We now must view (5) and (6) as but approximations to the revised conjectures (15) and (16) below, obtained on the basis of such much larger quasi-Monte Carlo calculations.
B. Monotone Metrics and Quasi-Monte Carlo Procedures
The Bures metric plays the role of the minimal monotone metric. The monotone metrics comprise an infinite (nondenumerable) class [20, 21, 22] , generalizing the (classically unique)
Fisher information metric [23] . The Bures metric has certainly been the most widely-studied member of this class [3, 14, 24, 25, 26, 27] . For the infinitesimal distance element between two states D 4 and D 4 + δD 4 , we have
where D 4 is diagonal in the orthonormal basis {|j } with eigenvalues {λ j }.
Two other prominent members are the maximal monotone metric [28] and the Kubo-Mori (KM) [29, 30, 31] (also termed Bogoliubov-Kubo-Mori and Chentsov [32] ) monotone metric.
The Kubo-Mori metric (or canonical correlation stemming from differentiation of the relative entropy) is, up to a scale factor, the unique monotone Riemannian metric with respect to which the exponential and mixture connections are dual [32] , and as such, certainly merits further attention.
In this study, we will utilize additional computer power recently available to us, together with another advanced quasi-Monte Carlo procedure (scrambled Faure-Tezuka sequences [33] -the use of which was recommended to us by G.Ökten, who provided a corresponding MATHEMATICA code). Faure and Tezuka were guided "by the construction The Faure-Tezuka procedure appears to us to be exceptionally successful in generating a highly uniform (low discrepancy [36] ) distribution of points over the hypercube -as judged by its yielding an estimate of 1.88264 for V s+n SD ≈ 1.882645. However, at this stage, the procedure does have the arguable shortcoming that it does not readily lend itself to the use of "error bars" for the estimates it produces, as quite naturally do (the generally considerably less efficient) Monte Carlo methods (which, of course, distribute points on the basis of pseudorandom, rather than deterministic, methods.) "It is easier to estimate the error of Monte Carlo methods because one can perform a number of replications and compute the variance. Clever randomizations of quasi-Monte Carlo methods combine higher accuracy with practical error estimates" [35, p. 95] . G.
Okten is presently developing a MATHEMATICA version of the scrambled Faure-Tezuka sequence in which there will be a random generating matrix for each dimension -rather than one for all [fifteen] dimensions -which will then be susceptible to statistical testing [35] .
C. Morozova-Chentsov Functions
To study such monotone metrics other than the SD/Bures one, we will utilize a certain ansatz (cf. [7] ). Contained in the formula [14, eq. (3.18) ] of Sommers andŻyczkowski for the "Bures volume of the set of mixed quantum states" is the subexpression (following their notation),
where ρ µ , ρ ν (µ, ν = 1, . . . , N) denote the eigenvalues of an N × N density matrix (D N ).
The term (8) can equivalently be rewritten using the "Morozova-Chentsov" function for the
as
A Morozova-Chentsov function is a positive continuous function c(λ, µ) that is symmetric in its two variables and for which c(λ, λ) = Cλ −1 , for some constant C, and
There exist one-to-one correspondences between
Morozova-Chentsov functions, monotone metrics and operator means. [21, Cor, 6] . "Operator means are binary operations on positive operators which fulfill the main requirements of monotonicity and the transformer inequality" [21] .
The ansatz we employ is that the replacement of c Bures (ρ µ , ρ ν ) in the formulas for the 
D. Outline of the study
In addition to studying the SD/Bures metric, we ask analogous questions in relation to a number of other monotone metrics of interest. We study two of these metrics, in addition to the SD metric, in our "main analysis" (sec. III) and two more in our "auxiliary analysis"
(sec. IV), which is based on the same scrambled Halton procedure employed in of numerical results.) The probabilities themselves -being computed as ratios -are, of course, invariant under such a scaling, so the "wiggle" is irrelevant for them.
II. PRELIMINARY ANALYSIS OF THE KUBO-MORI METRIC
The Morozova-Chentsov function for the Kubo-Mori metric is [14, eq. (2.18)]
To proceed in the study of the KM metric, we first wrote a MATHEMATICA program, using the numerical integration command, that succeeded to a high degree of accuracy in reproducing the formula [14, eq. (4.11)], for the Hall/Bures normalization constants [15, 37] 
for which we will obtain some further support in our main numerical analysis (sec. III),
yielding Table I .
III. MAIN ANALYSIS
Associated with the minimal (Bures) monotone metric is the operator monotone function, f Bures (t) = (1 + t)/2, and with the maximal monotone metric, the operator monotone 
For our main quasi-Monte Carlo analysis, we (simultaneously) numerically integrated the SD,KM andã vg volume elements over a fifteen-dimensional hypercube using two billion points for evaluation, with the points forming a scrambled Faure-Tezuka sequence [33] . (As in [4] , the fifteen original variables -twelve Euler angles and three angles for the eigenvalues [17, eq. (38)] -parameterizing the 4 × 4 density matrices were first linearly transformed so as to all lie in the range [0,1].) This "low-discrepancy" sequence is designed to give a closeto-uniform coverage of points over the hypercube, and accordingly yield relatively accurate numerical integration results.
The results of Table I suggest to us, now, rejecting the previous conjecture (5) -based on a much smaller number (65 million) of data points than the two billion here -and replacing it by (perhaps the more "elegant")
where σ Ag denotes the "silver mean" [38] . (As we proceed from one billion to two billion points, some apparent convergence -0.137817 to 0.137884 -of the numerical estimate to the conjecture (15) is observed. It is interesting to note the occurrence of the first three positive integers in (15) -a property which obviously the much-studied golden mean,
lacks.) By implication then, the conjecture (6) is replaced by
In addition to simply our numerical results, we were also encouraged to advance this conjecture (15) on the basis of certain earlier results. In [8] , a number of quite surprisingly simple exact results were obtained using symbolic integration, for certain specialized [lowdimensional] two-qubit scenarios. This had led us to first investigate in [4] the possibility of an exact probability of separability also in the full 15-dimensional setting. (Unfortunately, as far as we can perceive, the full 15-dimensional problem is not at all amenable -due to 9 its complexity -to the use of the currently available symbolic integration programs and, it would appear, possibly for the foreseeable future.)
In particular in [8] , a Bures probability of separability equal to σ Ag had been obtained for both the q = 1 and q = , that is, √ 2 + 1, the reciprocal of our σ Ag . (The square root of two minus one is also apparently a form of "Pisot number" [44] . Similar definitional, but perhaps not highly signficant, ambiguities occur in the (more widespread) usage of the term "golden mean", that is ( [45] . ("The characteristic sequence of (
is called the golden mean sequence (resp., Pell sequence)" [46] . This line of analysis -concerned with the alignment of two words over an alphabet -originated, apparently, from a 1963 unpublished talk of the prominent [Nobelist] physicist, D. R. Hofstadter [46] .)
In [47] , demonstrating a conjecture of Gromov, the minimal volume of R 2 (the infinite Euclidean plane) was shown to be
. (An exposition of this result is given in [48] .) In [49] the value of Table I . (Our estimate of the ratio Table I is 30.0339.) So, we have an implied conjecture that
It would then follow that = .46875.
The convergence to the known value of V s+n SD in Table I seems more pronounced than any presumptive convergence to the conjectured values of the separable volumes alone, but the latter are based on considerably smaller samples (roughly, one-quarter the number) of points than the former (for which, of course, all the two billion systematically generated points are used). Clearly, our conjecture (15) can be reexpressed as V 
(with 8448 = 2 8 · 3 · 11), it would follow that (with 887040 = 2 8 · 3 2 · 5 · 7 · 11), being strikingly close to the indicated value of 25.
In Fig. 8 we plot the deviations of the estimates of V s+ñ avg from its conjectured value (18).
IV. AUXILIARY ANALYSIS
In an independent set of computations (Table II) These correspond to the operator monotone functions,
The subscript GKS denotes the Grosse-Krattenthaler-Slater ("quasi-Bures") metric (which yields the common asymptotic minimax and maximin redundancies for universal quantum We had hoped to further extend the scrambled Halton sequence used here, but doing so has so far proved problematical, in terms of available computer resources.
V. MAXIMAL MONOTONE METRIC
As to the maximal monotone metric, numerical, together with some analytical evidence, strongly indicate that V s+n max is infinite (unbounded) (as well as V s max ). The supporting analytical evidence consists in the fact that for the three-dimensional convex set of 2 × 2 density matrices, parameterized by spherical coordinates [r, θ, φ] in the "Bloch ball", the volume element of the maximal monotone metric is r 2 sin θ(1 − r 2 ) −3/2 , the integral of which diverges over the ball. Contrastingly, the volume element of the minimal monotone metric is r 2 sin θ(1 − r 2 ) −1/2 , the integral over the ball of which is finite, namely π 2 . For s ≥ 1 the integral of r 2 sin θ(1 − r 2 ) −s diverges, so the divergence associated with the monotone metric itself is not simply marginal or "borderline" in character.
To gain further evidence in these regards, one can engage in numerical estimation for the one-parameter family of interpolating metrics given by the operator monotone functions for which the Morozova-Chentsov functions are of the form
Then, one could plot the results as a function of the parameter a and study the limit a → 0.
(Of course, for a = , one would recover the "average" monotone metric, studied in sec. III.)
A preliminary investigation along these lines is reported in Table III It would be interesting to formally test the hypothesis that P s max = 0. (More specifically, we might ask the question if the limit of P s a as a → 0 is 0.) If it can, in fact, be established that P s max is zero, this might serve as something in the nature of a "counterexample" to the proposition (a matter of considerable interest in the theoretical analysis of quantum computation) that for bipartite quantum systems of finite dimension, there is a separable neighborhood of the fully mixed state of finite volume [56, 57, 58, 59] . (These conclusions were obtained with the use of either the trace or Hilbert-Schmidt metric -the first of which is monotone, but not Riemannian, while the second is Riemannian, but not monotone [14] .)
We have conducted a test along these lines. Using a simple Monte-Carlo (rather than quasi-Monte Carlo) scheme, we generated ten sets of ten million points randomly distributed over the 15-dimensional hypercube. For each of the ten sets, we obtained estimates of V So, the value 0 lies less than one-half (that is, 0.479510) standard deviations from µ. For a student t-distribution with 9 = 10 − 1 degrees of freedom, forty percent of the probability lies outside 0.261 standard deviations from the mean and twenty-five percent outside 0.703 standard deviations. So there is little evidence here for rejecting a hypothesis that P s max equals 0. For an independent analysis based on ten sets of four million points, the estimates were roughly comparable, i. e., µ = 2.4196 · 10 −7 , η = 5.09683 · 10 −7 . Also, for ten sets of five million points, but setting the interpolation parameter a not to 0 but to .05, there were obtained µ = .00438593 and η = .000229437, with µ η = 19.1611. So, here one can decisively reject a hypothesis that the probability of separability for a = .05 is 0.
VI. FURTHER MONTE-CARLO ANALYSES
We also undertook a series of Monte-Carlo analyses, incorporating together the GKS, Bures, average, Kubo-Mori, Wigner-Yanase, maximal and Noninformative (NI) [55] monotone metrics. (The operator monotone function f (t) associated with the NI metric is
.)
We subdivide the unit hypercube into 3 15 = 14, 348, 907 subhypercubes, pick a random point in each one of these, and then repeat the procedure... We are now able to report in Table IV the results of fifteen iterations of this process. The central limit theorem tells us that for a large enough sample size, the distribution of the sample mean will approach a normal/Gaussian distribution. This is true for a sample of independent random variables from any population distribution, so long as the population has a finite standard deviation.
The population standard deviation is equal to the standard deviation of the mean times the square root of the sample size N, which in our case is 15 In the analyses above, we have been concerned with the volume of the 15-dimensional convex set of 4 × 4 density matrices, as measured in terms of a number of monotone metrics.
We have modified the computer programs involved, so that they would provide estimates of the volume ("hyperarea") of the boundary of this set.
Our numerical integrations were conducted over a fourteen-dimensional hypercube, now allowing one of the original fifteen variables (specifically, the hyperspherical angle designated sequence).
Let us note that in terms of the Bures metric -identically one-fourth of the statistical distinguishability (SD) metric -the pure state [rank 1] boundary of the 4 × 4 density matrices, both separable and nonseparable, is known to have volume 
This is twice (a "double-covering") the (n − 1)-content (surface area or hyperarea) of the unit sphere in n = 15 dimensions.
B. Further analysis
Subsequently, we joined all the monotone metrics of interest into a single joint analysis, using an independent Faure-Tezuka sequence of points in the 14-dimensional hypercube.
Up to this point in time, we have generated thirty-five million points (Table V) In Fig. 9 , we show the cumulative approximations (in steps of one hundred thousand points) to the known value (23) of B s+n SD . We conjecture (Fig. 10 ) that the component of B s+n SD consisting of separable states [61] , that is B 
This is considerably less than the general probability of separability [of, generically, rank-
four states], conjectured in formula (16) to be 0.0733389. The ratio of these two probabilities is 14157π 81920
≈ 0.542194.
In Fig. 11 , we show the cumulative approximations to a conjectured value of β SD = ≈ 0.0267572) than with the Bures or SD metric, in strong contrast to the rank-four case examined earlier (secs. III and IV).
As is apparent, there are no estimates reported in Table V for B s and B s+n for the GKS, KM and NI metrics. In retrospect, we could have included the GKS metric (taking the limit of the corresponding volume element as one of the eigenvalues of the associated 4 × 4 density matrix approaches zero), but the volume elements for the other two were found to diverge on the rank-three states, so they could not have been included.
C. Levy-Gromov Isoperimetric Inequality
The scalar curvature of the Bures metric for the 4 × 4 density matrices is bounded below by 570 [27, Cor. 3] . However, application of the Levy-Gromov Isoperimetric Inequality [62, To reach this conclusion, we first took the parameter α (strictly following the notation in [62] ) to be P SD/Bures = and known values -be
So, the indicated inequality is violated.
At this point, we applied formula (7a) of [27] , giving the Ricci tensor based on the Bures metric for diagonal density matrices,
where Y and Z are tangent vectors (traceless Hermitian matrices). We, in fact found, using numerical simulations, violations of the lower bound of N for (N − 1)-dimensional manifolds on the Ricci tensor required by the Levy-Gromov Inequality, with N = 14 in our case. The lowest value we were able to achieve in a series of simulations was 3.45666, so no negative values were recorded. (The upper value appeared to be unbounded. We also applied the formula (26) to the 8-dimensional convex set of 3 × 3 density matrices and found, through [52] .) But there appears to be no "hint" in the literature as to how one might formally derive simply the separable -as opposed to separable plus nonseparable -volumes for any of the monotone metrics.
In this study, we have conjectured that the volumes of separable two-qubit states is, as measured in terms of several monotone metrics of interest, simple multiples of the silver mean (σ ag ). It is interesting to point out, it seems, that in certain ("phyllotactic") models of the arrangements of (rose) petals, the positions of the petals (in fractions of a full turn) are given by the fractional parts of simple multiples of the golden ratio [63, is the "bronze mean" [42] .)
In this and other papers [4, 5, 6, 7, 8, 16] , attention has been focused on the matter of determining the volumes of quantum states in terms of various monotone metrics. An even more considerable body of work concerned with differential geometric properties of the monotone metrics is devoted to issues of the scalar curvature of monotone metrics [52, 66, 67] .
For instance, it has been found that the scalar curvature of the N ×N density matrices D N is, in terms of the Wigner-Yanase metric, , where the "non-unitary" parameter β corresponds to the inverse temperature.) It would certainly be of interest to find linkages between these two interesting areas of investigation.
We note that the scalar curvature determines the asymptotic behavior of the volume of a had suggested a similar-type conjecture for qubit-qutrit pairs [12] . Now that we have found compelling numerical evidence to reject (3) (and replace it by (15)), we obviously must be dubious as to the presumed validity of its qubit-qutrit analogue, but presently lack any notion as to how to replace it. Additionally, our numerical experience so far indicates that it would be extraordinarily difficult to "pinpoint" (accurately estimate) the value of the volume of separable qubit-qutrit pairs, since one would then be proceeding in a (more computationally demanding) much higher-dimensional (35-d v. 15-d) space, plus the size of the separable domain one would be estimating would be much smaller relatively speaking (that is, relatively fewer sampled 6 × 6 density matrices would be separable vis-á-vis the 4 × 4 case).
We summarize in Table VI 
